A new volume integral method based on the Goldstein generalised acoustic analogy is developed and directly applied with Large Eddy Simulation (LES). In comparison with the existing Goldstein generalised acoustic analogy implementations the current method does not require the computation and recording of the expensive fluctuating stress auto-covariance function in the seven-dimensional space-time. Until now, the multi-dimensional complexity of the generalised acoustic analogy source term has been the main barrier for using it in routine engineering calculations. The new method only requires local point-wise stresses as an input that can be routinely computed during the flow simulation. On the other hand, the new method is mathematically equivalent to the original Goldstein acoustic analogy formulation and, thus, allows for a direct correspondence between different effective noise sources in the jet and the far-field noise spectra. The implementation is performed for conditions of a high-speed subsonic isothermal jet corresponding to the Rolls-Royce SILOET 
Introduction
The theoretical study of jet noise was pioneered by Lighthill (1952) who proposed the first acoustic analogy model. The Lighthill model is as an exact rearrangement of the NavierStokes equations into a linear wave propagation operator and a nominal source term. All the terms of the Navier-Stokes equations not included in the wave operator are grouped together in the source term and expressed as the gradient of the Lighthill stress tensor. The latter tensor includes both the non-linear velocity stress, ′ ′ , which gives rise to the quadrupole-type source and the linear terms, ̅ ′ + ̅ ′ , and ( ′ − ∞ 2 ′ ) , the socalled "shear-noise" and "entropy noise" terms, respectively. Here the standard notations of time averaged field and fluctuations with overbar and prime, respectively, are used; ∞ is the sound speed in the free stream, is the velocity component in the i-direction of the Cartesian coordinate basis , =1,2,3, is density, and is pressure. The presence of the linear terms, which contain linear meanflow sound propagation and temperature effects, leads to differences in Mach number scaling compared to the sound generated by the nonlinear quadrupole term alone that corresponds to the celebrated Lighthill's 8 law for the far-field sound power (Viswanathan 2009, Semiletov and ).
Since Lighthill, major developments of the acoustic analogy method include Curle (1955) who considered the effect of solid surfaces, Lilley (1958) who took into account meanflow components, and the total number of different components of the auto-correlation tensor for asymmetric jet flows is ∑ 9 1 = 45. For axi-symmetric jets, under some reasonable assumptions about symmetry of the turbulence, the number of different source terms can be reduced to 11 independent components (Afsar at al. 2011), which still is a significant number.
The resulting source complexity makes direct evaluation of the entire statistical source from unsteady flow simulations extremely challenging. respectively, to compute the Lighthill stress terms, which were then substituted in the acoustic integral to calculate the far-field pressure and the corresponding far-field sound power. The computations involved recording the local stress quantities in the jet volume, which was a considerably simpler task compared to computing the auto-covariance function of the corresponding stresses. However, for sound predictions based on the LES that had to resolve a mixture of sound generation and propagation effects that appear in the definition of the Lighthill stress, large errors in overall sound pressure levels were reported. This revealed the importance of explicitly representing linear meanflow propagation effects in the acoustic analogy equations, which are partly accounted for in the Lilley acoustic analogy and, most consistently, in the Goldstein generalised acoustic analogy (for a detailed discussion of the differences between the two analogies see (Goldstein 2010) ).
In Karabasov 2014, Semiletov at al. 2015 ) the idea of computing the local stresses inside the jet volume and then reconstructing the far-field pressure and the corresponding sound power was extended to the Goldstein generalised acoustic analogy equations. In comparison with the previous implementations of the generalised acoustic analogy based on recording the fourth-order velocity auto-correlation functions, this approach is straightforward for computational implementation and does not require any simplifying assumptions about the effective source configuration in the multi-dimensional space-time.
The current article not only provides a systematic and expanded review of these developments but also presents new results of the effective noise source analysis in accordance with the following plan.
In Section 2, the Goldstein generalised acoustic analogy is briefly reviewed and its implementation as a volume integral method is introduced. In Section 3, details of the SILOET benchmark jet case which is used for validation of the method developed is considered, the LES method is introduced, and the flow and noise solutions are compared with available data in the literature and other reference computations. Section 4 is devoted to analysis of sound generation and propagation mechanisms based on the volume integral formulation of the Goldstein generalised acoustic analogy developed. 
Goldstein
where , , and ℎ refers to density, pressure, velocity, and enthalpy, respectively; primes denote the fluctuations, and bar and tilde correspond to time and Favre averaging.
By defining the new dependent variables
the governing Navier -Stokes equations are exactly re-arranged to
where 
In the above equations, Einstein summation is implied, and are the viscous stress and heat flux, respectively, 2 is the square of the mean-flow sound speed, ̃ is the total mean flow stress tensor, and ′′ is the generalised fluctuating stress tensor. Note that the latter (4x3) tensor includes both the fluctuating Reynolds stresses and the fluctuating enthalpy vector. This is the same term that appears as a separate source component in other formulations of the generalised acoustic analogy (Goldstein 2002 (Goldstein , 2003 (Goldstein , 2011 .
By introducing the far-field microphone and the jet flow coordinates, and , respectively, the spectral density of the far-field pressure signal can be expressed as the following acoustic integral
of the generalised stress tensor auto-covariance
where ( , , ) = ′′ ( , ) ′′ * ( + , + ) ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ is the generalised stress tensor autocovariance in the time domain, where the overbar means averaging over time , , = 1,2,3 and , = 1,2,3,4.
It is the time-domain generalised stress tensor auto-covariance that can, in principle, be provided from unsteady flow simulations. However, since it is a 4 th rank tensor defined over the entire 6+1 dimensional space-time domain, computation of this quantity is a challenge.
Using the standard Fourier transformation formulae, the same quantity can be related to the frequency domain representation of the stresses:
The other part of the far-field sound integral (6) is the propagator operator
that depends on the corresponding adjoint vector Green's function, (̂( , | ),̂( , | )).
The adjoint vector Green's function is directly related to the direct tensor Green's function in accordance with the reciprocal theorem between the solution of the direct sound radiation and the adjoint sound scattering problem (e.g. see Auriault 1998, Karabasov 2010 ).
Compared to solving the direct sound radiation problem, solving the adjoint problem for a small number of far-field microphone locations relative to the number of sources points is computationally advantageous. In the frequency domain, the latter is determined by the following adjoint linearised Euler equations:
The solution of these equations can be found by numerically solving the above equations with compared to the locally parallel flow model will be a subject of future investigations, the present work is the first one in the literature where the effective source term is evaluated directly from LES, avoiding the approximations of previous models. Hence, it is possible that the far-field acoustic solutions, which were obtained in the earlier works as a convolution product of the Green's function propagator with an approximate model of the sevendimensional space-time source term, could have a larger sensitivity to the evolving jet meanflow details compared to the present approach which is approximation-free.
Formulation based on the volume integral approach
The same far-field power spectral density (6) can be expressed as a complex conjugate of the far-field pressure
where ( , ) is the frequency-domain pressure signal at the far-field microphone location and the overbar indicates statistical ensemble averaging.
In turn, the frequency domain pressure signal can be expressed as a volume integral of the source and the vector adjoint Green's function that satisfies (10), (11) . After some rearrangement involving a few integrations by parts, this leads to:
Let us assume that 1 is the Cartesian coordinate in the stream-wise (jet flow) direction, ( 2 , ) are in the transverse plane, and ( 1 , ) are in-plane with the far-field microphone.
There are three types of noise sources which can be identified in (13) For an axi-symmetric meanflow, the 3D integral can be further decomposed into a series of two-dimensional azimuthal modes
using the standard definition of the Fourier transform in the azimuthal direction
Here, ( , ) = ( , , ) is a local cylindrical-polar coordinate basis in the jet, where and are the radial and azimuthal angle components and coincides with the jet axis. Vectors with subscript ( ) correspond to the ( , ) components of the cylindrical-polar system. The modal representation is useful for reducing the computer storage overheads when recording the stresses in the 3D jet volume since for axi-symmetric jets it is only a relatively small number of modes (compared to the points of the LES grid) which can contribute efficiently to the acoustic integral.
Apparently, the method of computing the far-field spectra density based on the 3D volume integral formulation (12) - (14) is mathematically identical to the standard formulation (6)-(9).
However, there is no calculation of the generalised stress tensor auto-covariance involved in the former volume integral formulation, which leads to a considerable saving of computer memory resources compared to the standard approach. Table 1 compares the computer memory costs for recording the fluctuating stresses required for the volume integral formulation (6)- (9) with those of computing the generalised auto-covariance stress tensor for formulation (12)- (14) . The figures are based on the jet case example to be considered in section 3. For simplicity, all numbers are normalised by the computational cost of the volume integral approach. Note that even for a limited number of the tensor components the computation of the auto-covariance function is 5 orders of magnitude more expensive than with the integral volume approach. The total computer storage required with the current implementation of the volume integral method for the jet case considered is around 4 TB, which figure could be reduced by performing all pre-processing operations on the fly. 
Volume integral formulation and effective source decomposition
Compared to the standard generalised acoustic analogy approach (12)- (14), which links the effective sources in the jet to the far field sound power, the same direct correspondence is not explicit for the current volume integral formulation. Indeed, the current approach first relates the fluctuating stress terms in the jet to the far-field pressure and then relates the far field pressure to the far-field sound.
To demonstrate how the analysis of far-field noise sources in the jet is also possible within the suggested volume integral approach, let us first decompose the far-field pressure integral Green's function terms using (14) . For each mode, the far-field pressure integral can be further broken down into the contributions of different source components
The contributions due to the fluctuating Reynolds stresses can be further decomposed into
, and so on.
By disabling all source terms except from any user defined stress and mode component of the pressure integral ( , ), the contribution of this particular source term in the far-field power spectra ̂( , ) can be calculated.
Furthermore, if the effect of cross-products in the power spectra integral can be ignored, that is, only symmetric terms of the generalised stress tensor auto-covariance, are important for the far-field sound. The source symmetry property is consistent with observations made for other high-speed axi-symmetric jets (e.g. comp. with 1111 , 2222 , 3333 , 1212 , 1313 , and 2323 main source components considered in (Karabasov at al. 2010)), the sound power spectra can be decomposed into the contributions of individual terms:
The former property can be referred to as mutual orthogonality of the individual source components with respect to the far-field sound power. Note that it does not only require the symmetry of the autocorrelation source tensor but also the orthogonality of the source modes for the far-field noise solution, which was also previously discussed in jet noise literature (Goldstein and Leib 2016) . In section 4, it will be demonstrated how both these conditions are satisfied for the SILOET jet case.
Besides, if the density distribution of any particular source component corresponding to a given stress term needs to be analysed in jet volume, this can also be achieved by noting that, for example, that
where ̃( ) ( ) is the corresponding source density function given by
Note also that although, inside the integral, (19) 
is considered, where ̅ is the local axial meanflow velocity, ̅ is the corresponding axial velocity value at the jet centreline, and 0.04 is defined so that ̅ ( 0.04 ) = 0.04 ̅ . 
Far-field noise spectra predictions and comparison with the Ffowcs Williams -

Hawkings method
Having selected a sufficiently large cylindrical part of the computational domain ( In terms of the computer memory, the major cost of the volume integral method is due to recording of the various realisations of the 12 generalised stress components in the 3D jet volume. However, since the stresses only need recording for a discrete number of frequencies, while the Fourier transformation is performed during the simulation run, and the flow solution is required for a limited number of azimuthal modes, the total cost is only marginally larger compared to that of standard 3D surface integral methods. was selected to make sure that the acoustic integration surface is located within the region of a sufficient grid resolution while sufficiently far away from the vorticity-rich zones. To process the time signal at the far-field microphone location, the same signal processing method based on the Fourier transform with the sub-sample averaging (Welch 1967 ) is applied as in the volume integral method based on the acoustic analogy. 
Noise generation and propagation mechanisms
Having validated the volume integral method for far-field noise spectra prediction in the previous section, here we will use it to analyse the contribution of individual sound generation and propagation components of the Goldstein generalised acoustic analogy model for the static SILOET jet. Fig.9 shows far-field noise spectra predictions for two typical microphone angles based on the complete source integration volume with and without neglecting some of the mixed terms in the acoustic integral to investigate the effect of mutual orthogonality of individual source terms.
Contribution of the source volume to the far-field noise
Orthogonality of different source components for far-field power noise spectra
The total spectra solution and the reference experimental data are included in the same figures for comparison. The two approximate solutions shown correspond to (i) assuming the orthogonality of different azimuthal modes ∑̂( ) ( , )̂( ) * ( , ) ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ and (ii) further assuming the orthogonality of different source terms
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ for the far field sound power spectra in (17) . Note that both the approximate solutions are within 1-2 dB from the total spectra for most frequencies which confirms validity the assumption of mutual orthogonality for different stress term components in the SILOET jet case.
(a) (b) Fig.9 Orthogonality of individual source term components for far field sound spectra at 60 o (a) and 30 o angle (b) to the jet flow. The predictions shown correspond to the total spectra, the spectra solutions with assuming the orthogonality of different azimuthal modes of the source, and assuming the orthogonality of different stress terms. there are only a few significant modes, n=0 and 1 that contribute to the far-field noise spectra efficiently, while for the 60 o polar angle it is the n=1 mode which is most significant, and for the 90 o angle these are the modes n=1 and 2, which contribute to the far-field noise effectively. All this is also consistent with the analysis presented in (Goldstein 1976 ) and (Goldstein et al. 2012 ) who showed that the n = 0 mode is highly directional, hence, does not significantly contribute to the 90 o noise spectrum. Notably, the effect of high-order azimuthal modes on sound spectra at large polar angles to the jet flow, which is captured by the current calibration-free implementation of the generalised acoustic analogy, would be difficult to reproduce by approaches based on modelling of coherent large-scale structures that stem from the instability wave theory. 
Effect of the source type and directivity on far-field noise
Effect of the meanflow sound propagation on the far-field noise
In addition to the effect of the source integration volume and individual source components, the effect of meanflow sound propagation is an important contributor to the far-field noise. In Both noise spectra solutions, with and without taking the meanflow effect into account, are integrated in the frequency band 0.05 < < 2 and compared with the corresponding Over All Sound Pressure Level (OASPL) data from the SILOET experiment.
The results are shown in Table 3 which shows the differences between the reference OASPL data and the two far-field predictions of the volume integral method based on the Goldstein Then, it is shown that the individual stresses in terms of their modes and components are mutually orthogonal in the far-field spectra: the result of ignoring the mixed terms in the farfield noise spectra is virtually identical to the full noise spectra of the SILOET jet considered.
This is in agreement with other publications in the jet noise literature that consider only symmetric terms of the generalised stress tensor auto-covariance, to be important for jet noise and ignore the effect of different azimuthal mode coupling for axisymmetric jet flows. Notably, the effect of the importance of high-order azimuthal modes for sound radiation at large polar angles to the jet flow, which has been captured here, would be difficult to reproduce by other methods such as those based on instability wave modelling of large-scale structures.
Finally, it is demonstrated that the meanflow propagation plays a key role for the far-field noise for small angles to the jet flow. The explicit accounting for the meanflow propagation effects is a distinctive feature of the Goldstein generalised acoustic analogy compared to other acoustic analogy models such as the Lighthill analogy. Compared to the generalised acoustic analogy, the Lighthill model can be prone to serious errors in overall sound pressure levels when implemented with LES that cannot fully resolve the entire range of acoustically important flow scales including both the turbulence and the meanflow propagation effects.
As a final remark, it should be recalled that all sound predictions with the current volume integral method have been obtained using the simplified locally parallel flow model for sound propagation. While the incorporation of more complex meanflow propagation models, which would account for evolving jet effects, will be a subject of the future work, the 2-3dB accuracy of the current noise spectra predictions for most angles and frequencies calls for a revision of some earlier concepts and theories. For example, in a number of works in the literature on the Goldstein generalised acoustic analogy, there was a strong sensitivity of high-speed jet noise predictions to the evolving jet effects reported, hence, a high importance of these effects for jet noise predictions was concluded. But all these models were based on modelling the fluctuating stress auto-covariance function in the seven-dimensional spacetime and using some approximations for a convolution product of the source function with the Green's function to obtain the final noise spectra. Hence, there occurs a possibility that it was actually the exaggerated sensitivity of these models to the source model calibration parameters rather than details of the jet flow evolution, which was the real reason behind the previous conclusions. This calls for a new investigation of the importance of evolving jet effects for far-field noise spectra predictions based on the suggested calibration-free volume integral approach.
